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Abstract
We discuss the equivalent form of Le´vy-Leblond equation [1, 2] such that the nilpotent
matrices are two dimensional. We show that this equation can be obtained in the non-
relativistic limit of the (2+1) dimensional Dirac equation. Furthermore, we analyze the
case with four dimensional matrices and propose a Hamiltonian for the equation in (3+1)
dimensions and solve it for a Coulomb potential. We show that the quantized energy
levels for the hydrogen atom are obtained and the result is consistent with non-relativistic
quantum mechanics.
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1 Introduction
An equivalent form of the Le´vy-Leblond equation [1] was proposed in [2] and it was shown to
be consistent with standard quantum mechanical results. The Le´vy-Leblond equation is the
analogue of the Dirac equation and describes spin 1/2 particles in the non-relativistic limit. In
references [2] and [3] it was shown that the equivalent form of Le´vy-Leblond equation can be
employed to solve the step potential problem and the finite potential barrier problem. It was
also shown that this equation is the non-relativistic limit of the Dirac equation and the Pauli
Hamiltonian can be obtained from this equation by requiring it to be locally invariant.
In this paper, we present this equation with two dimensional nilpotent matrices and derive
it from the (2+1) dimensional Dirac equation. We further illustrate its applications by solving
it for a Coulomb potential in (3+1) dimensions when the nilpotent matrices are 4 dimensional.
We show that the known expression for the quantized energy levels of the hydrogen atom is
obtained from this equation. The novelty of the approach employed herein is that the spectrum
of the hydrogen atom is derived from the Le´vy-Leblond equation which takes into account the
spin of the particle in the non-relativistic limit.
The paper is organized as follows: In section 2 we discuss the equivalent form of the Le´vy-
Leblond equation in (1+1) dimensions and (2+1) dimensions when the nilpotent matrices are
two dimensional. In section 3 we consider the equation in (3+1) dimensions with 4 dimensional
nilpotent matrices and propose a Hamiltonian for this equation. In section 4 we solve this
equation for the Coulomb potential and derive the quantized energy levels of a hydrogen-like
atom. We conclude in section 5.
2 Two Dimensional Matrices
In this section we introduce the equivalent form of the equivalent form of the Le´vy-Leblond
equation where the nilpotent matrices are 2 dimensional. It was shown in [1, 2] that the
Schro¨dinger equation can be derived from a first order equation similar to the manner in which
the Klein Gordon equation can be derived from the Dirac equation. The nilpotent matrices
considered in [1, 2] were four dimensional. In this section we consider the nilpotent matrices
to be 2 dimensional. In (1+1) dimensions the equivalent form of the Le´vy-Leblond equation is
given by [2]
−i∂zψ = (iη∂t + η†m)ψ (1)
where the matrix η is a 2×2 nilpotent matrix given by
η =
σ1 − iσ2√
2
=
√
2
(
0 0
1 0
)
(2)
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Following the procedure presented in [2], we can show that the probability current in this case
as well is given by
J = ψ†(η + η†)ψ (3)
ρ = ψ†η†ηψ (4)
where η + η† =
√
2 σ1 and η
†η = I + σ3. In momentum space, equation (1) is given by
pz = (iη∂t + η
†m)ψ (5)
The eigenvectors of the momentum operator are given by
e1,2 =
(
±
√
E
m
1
)
(6)
which correspond to eigenvalues ±pz = ±
√
2Em, respectively. Note that, in contrast to the
equation with four dimensional matrices [2, 3], the spin of the particle is not taken into account
by equation (1). The author has checked that the step potential problem and the finite step
potential problems solved with equation (1) yield results that are consistent with standard
quantum mechanical results as in the case of four dimensional matrices [2, 3].
The (2+1) dimensional version of the Le´vy-Leblond equation for 2×2 matrices, in momen-
tum space, is given by
µipi = (ηE + η
†m) (7)
where µ1 = I and µ2 = iσ3. We can show that equation (7) is the non-relativistic limit of
the Dirac equation in (2+1) dimensions. Consider the following form of the (2+1) dimensional
Dirac equation in momentum space
γipi = (σ1E + iσ2m)ψ (8)
where γ1 = I and γ2 = iσ3. The above equation yields the dispersion relation of a massive
relativistic particle in 2D. As in reference [3], we can substitute σ1 = (η + η
†)/
√
2 and −iσ2 =
(η − η†)/√2 and apply the non-relativistic limit E − m ' E ′ and E + m ' 2m to obtain
equation (7) from (8).
Note also that in the limit m = 0, equation (8) reduces to the Dirac equation for massless
fermions
E = σipi (9)
which, as an example, is employed to describe massless fermions in condensed matter systems
such as graphene.
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3 The Hamiltonian
In this section we present the Hamiltonian corresponding to the equivalent form of the Le´vy-
Leblond equation with four dimensional matrices and discuss the constants of motion. The
(3+1) dimensional version of equation is given by [2, 3]
−iγi∂iψ = (iη∂t + η†m)ψ (10)
where γi are the Dirac gamma matrices and η = (γ0 + iγ5)/
√
2. One of the issues in obtaining
the Hamiltonian of equation (10) is that the matrix η is singular. Recently, a Hamiltonian was
proposed in [4] and we adopt a different approach herein. In order to obtain the Hamiltonian
we replace η → η′ = η − η† and analyze the limit  → 0. We thereby obtain the following
Hamiltonian for equation (10)
H = η′−1(−iγi∂i −mη′†) (11)
where η′ = η − η† and we choose ~ = c = 1. In the limit  → 0 two of the eigenvalues of the
Hamiltonian in (11) are finite where as two approach infinity
E1,2 =
~p2
2m
(12)
E3,4 = − ~p
2
2m
+
m

(13)
The Hamiltonian yields the two finite energy states in addition to negative energy states with
an infinite part. The infinity associated with the negative energy states can be interpreted as
the “sea” of filled negative energy states. For the negative energy states we can define the
renormalized energy as
E ′3,4 = E3,4 −
m

= − ~p
2
2m
The Hamiltonian (11) is not hermitian however the eigenvalues of the operator are real. Interest-
ingly, the Hamiltonian (11) commutes with the total angular momentum operator ~J = ~L+1/2~Σ
and the operators J2, Jz and K, i.e.,
[H, J2] = 0
[H, Jz] = 0
[H,K] = 0
and the operator K also commutes with the total angular momentum operators J2 and Jz.
The operator K is given by
K = iγ5γ0(~Σ. ~J − 1
2
I) (14)
= iγ5γ0(~Σ.~L+ I)
= i
(
0 ~σ.~L+ I
−~σ.~L− I 0
)
(15)
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where ~J = ~L+1/2~Σ. We can construct simultaneous eigenfunctions of the mutually commuting
operators H, J2, Jz and K. The corresponding eigenvalues of these operators are denoted by
E, j(j + 1), mj and −κ. We consider the following four component wave function as the
simultaneous eigenfunction of these operators
ψ =
(
ψA
ψB
)
=
(
g(r)Y
j,mj
lA
(θ, φ)
if(r)Y
j,mj
lB
(θ, φ)
)
≡
(
g(r)YA
if(r)YB
)
(16)
and for the angular part Y
j,mj
lA,lB
(θ, φ) we consider the case θ = 0 [5]
Y
j,mj
l=j∓1/2(θ = 0, φ) =
√
j + 1/2
4pi
( ±δm,1/2
δm,−1/2
)
(17)
where lA = j + 1/2 and lB = j − 1/2. We choose θ = 0 because the effect of the pseudo-scalar
operator ~σ.~r/r on Y
j,mj
l is independent of θ [5]. The eigenvalues of the operator K are given
by
Kψ = −κψ (18)
Since J2 = K2 − 1/4I, the eigenvalues of the two operators are related as κ = ±(j + 1/2).
Plugging in for K yields the following equations
~σ.~LψA = −iκψB − ψA (19)
~σ.~LψB = iκψA − ψB (20)
In addition we have the following eigenvalue equations
~J2ψA,B = j(j + 1)ψA,B (21)
JzψA,B = jzψA,B (22)
4 Solution for the Coulomb Potential and the Hydrogen-
like Atom
In this section, we study the problem of an electron bound to a nucleus by a Coulomb potential
for a hydrogen-like atom (For the analysis with the Dirac equation and further details the
reader is referred to [5, 6, 7]). For the case of a Coulomb potential, the Hamiltonian is given
by
H = η′−1(−iγi∂i −mη′†) + V (r) (23)
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where V (r) = −Zα/r, α ≈ 1/137 is the fine structure constant and Z is the atomic number of
the atom. Since ψ is an eigenstate of the Hamiltonian
Hψ = Eψ
η′−1(−iγi∂i −mη′†)ψ + V (r)ψ = Eψ
(γipi −mη′†)ψ = (E − V (r))η′ψ
where pi = −i∂i. We therefore obtain
γipiψ = (η
′(E − V (r)) + η′†m)ψ (24)
~σ.~p
(
ψB
−ψA
)
=
1√
2
(
a′(E − V +m) ia(E − V −m)
ia(E − V −m) −a′(E − V +m)
)(
ψA
ψB
)
(25)
where a′ = 1−  and a = 1 + . For brevity, we write
~σ.~p
(
ψB
−ψA
)
=
(
h1 ih2
ih2 −h1
)(
ψA
ψB
)
(26)
where
h1(r) = a
′/
√
2(E − V (r) +m) (27)
h2(r) = a/
√
2(E − V (r)−m) (28)
The operator ~σ.~p can be written in terms of the radial and angular operators as
~σ.~p =
1
r
~σ.~r
r
(
−ir ∂
∂r
+ i~σ.~L
)
(29)
The operator ~σ.~r/r is a pseudo scalar and changes the parity of the state, i.e.
~σ.~r
r
YA = −YB (30)
with (~σ.~r/r)2 = 1. We are interested in the effect of the operator ~σ.~r/r on Y
j,mj
l and due to
its pseudo-scalar nature its effect on Y
j,mj
l is independent of θ [5]. So we choose θ = 0 for the
angular part and employ the expression given in equation (17) for the analysis. Plugging (29)
in (26) we obtain the following two equations
1
r
~σ.~r
r
(
−ir ∂
∂r
+ i~σ.~L
)
ψB = h1ψA + ih2ψB (31)
−1
r
~σ.~r
r
(
−ir ∂
∂r
+ i~σ.~L
)
ψA = ih2ψA − h1ψB (32)
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Plugging in ψA = g(r)YA and ψB = if(r)YB and using equations (17), (19), (20), and (30)
results in the following equations
∂f
∂r
+
1
r
f + h2f + h1g +
κ
r
g = 0 (33)
∂g
∂r
+
1
r
g − h2g − h1f + κ
r
f = 0 (34)
The above equations are obtained for the m = +1/2 case. The analysis below also holds for the
m = −1/2 which yields the similar results. Next, plugging in f(r) = F (r)/r and g(r) = G(r)/r
and using (27) and (28) we obtain the following equations
∂F
∂r
+
(
q1 +
q2
r
)
F +
(
p1 +
p2
r
+
κ
r
)
G = 0 (35)
∂G
∂r
−
(
q1 +
q2
r
)
G+
(
−p1 − p2
r
+
κ
r
)
F = 0 (36)
Here we have defined the following constants
p1 =
a√
2
(E +m), p2 =
a√
2
Zα (37)
q1 =
a′√
2
(E −m), q2 = a
′
√
2
Zα (38)
We postulate series solutions of (35) and (36) of the form
F (r) = e−λr
∞∑
n=0
anr
s+n (39)
G(r) = e−λr
∞∑
n=0
bnr
s+n (40)
Plugging (39) and (40) in (35) and (36) we obtain the following equations for the coefficients
of the two series
q2an+1 + (n+ 1)an+1 + q1an + san+1 − λan + p2bn+1 + κbn+1 + p1bn = 0 (41)
−p2an+1 + κan+1 − p1an − q2bn+1 + (n+ 1)bn+1 − q1bn + sbn+1 − λbn = 0 (42)
For n = −1, the above equations are given as follows
q1a−1 + (q2 + s)a0 + p1b−1 + (p2 + κ)b0 = λa−1 (43)
p1a−1 + p2a0 + (q1 + λ)b−1 + q2b0 = κa0 + sb0 (44)
Setting a−1 = b−1 = 0 yields
(q2 + s)a0 + (p2 + k)b0 = 0 (45)
p2a0 + q2b0 = κa0 + sb0 (46)
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The solution of the above equations is
s = ±
√
κ2 + q22 − p22 (47)
For the wave function to be normalizable we choose the positive sign of the square root. Fur-
thermore, the series of F (r) and G(r) must terminate at some n = n′ for the state to be
normalizable. This implies that the coefficients ai = bi = 0 for i = n
′ + 1 and we obtain the
following relation
bn′ =
√
q21 − p21 − q1
p1
an′ (48)
where we have chosen λ =
√
q21 − p21. Next we solve the recursion relations (41) and (42) for
n = n′ − 1
(q1 − λ)an′−1 + (q2 + n′ + s)an′ + p1bn′−1 + (p2 + k)bn′ = 0 (49)
−p1an′−1 + (−p2 + k)an′ − (q1 + λ)bn′−1 + (−q2 + n′ + s)bn′ = 0 (50)
Multiplying (49) by 1/(λ−q1) and (50) by 1/p1 and subtracting we obtain the following equation
p1((q2 + n
′ + s)an′ + (p2 + k)bn′)) + (q1 − λ)((−p2 + k)an′ + (−q2 + n′ + s)bn′) = 0 (51)
Taking the limit → 0 (a = a′ = 1, s = κ = j+1/2) and using equation (48) and λ = √−2Em
we obtain the relation for the energy level
E = −mZ
2α2
2n2
(52)
where n = n′ + s = n′ + j + 1/2 = n′ + l + 1 is the principal quantum number. The above
equation is the known expression for the energy level of a hydrogen-like atom. For the hydrogen
atom Z = 1. Note that the parameter s has to be positive and since s = κ, only κ = +(j+1/2)
is relevant. The functions f(r) and g(r) are therefore given by
f(r) = e−
√−2Emr rκ−1
∞∑
m=0
amr
m = e−
mZα
n
r rl
∞∑
m=0
amr
m (53)
g(r) = e−
√−2Emr rκ−1
∞∑
m=0
bmr
s+m = e−
mZα
n
r rl
∞∑
m=0
bmr
m (54)
The ground state wave function (n′ = 0, κ = 1, j = 1/2) of the Hydrogen atom can be written
as
ψgd = N
1√
4pi
e−Zr/aB
(
g(r)χs
−if(r) ~σ.rˆ χs
)
(55)
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where aB = 1/αm is the Bohr’s radius and
~σ.rˆ =
(
cos θ e−iφ sin θ
eiφ sin θ − cos θ
)
(56)
χs =
(
1
0
)
or
(
0
1
)
(57)
for the spin quantum number ms = +1/2 and ms = −1/2. For ms = +1/2 the wave function
is given by
ψgd = N
1√
4pi
e−Zr/aB

1
0
−id0 cos θ
−id0 sin θeiφ
 (58)
For ms = −1/2
ψgd = N
1√
4pi
e−Zr/aB

0
1
−id0 sin θe−iφ
id0 cos θ
 (59)
where d0 = a0/b0 =
2−√2Zα
2+
√
2Zα
. The normalization constant is given by
N = 2
√
pi
(
Z
aB
)3/2
2 +
√
2Zα√
2 + Z2α2
(60)
5 Conclusion
We presented the equivalent form of the Le´vy-Leblond equation with two dimensional nilpotent
matrices and showed that in (2+1) dimensions it can be obtained from the Dirac equation in the
non-relativistic limit. In (3+1) dimensions we also proposed a Hamiltonian for this equation
with four dimensional nilpotent matrices and showed that the quantized energy level of the
hydrogen atom are obtained when the equation is solved for a Coulomb potential. We also
derived the ground state wave function for spin up and down electron for a hydrogen-like
atom. The novelty of this approach is that the spin of the electron is taken into account in
the non-relativistic limit to obtain the spectrum of the hydrogen atom. This analysis further
illustrates the application of this equation which allows for additional insights into a problem
corresponding to the spin of the particle.
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